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An examination is made of a method of calculating the temperature 
field in the region illustrated in Fig. 1. The temperature T O of the 
shaded heat regions is found, under the assumption that the shaded 
regions possess high thermal conductivity, and that the temperature 
is the same at all points of these regions. The method is applied to 
calculation of the temperature field in a phase shifter rotor�9 The de- 
pendence of T O on the thickness of thermal insulation of the rotor 
conductors is given. 

A method is desc r ibed  for de t e rmin ing  the t e m p e r a -  
tu re  of heat sources  located in notches in an annu la r  
reg ion  and separa ted  f rom it by a l aye r  of t he rma l ly  
insu la t ing  m a t e r i a l .  The t e m p e r a t u r e  field in the a n -  
nu la r  reg ion  is cons t ruc ted  by joining solut ions of the 
heat  conduction equation.  

Fig.  1. Region in which the t emp-  
e r a t u r e  field is de te rmined .  

The shaded curved rec tang les  of Fig.  1 a re  sec t ions  
of the m a t e r i a l  which possess  much l a r g e r  t he rma l  
conduct ivi ty  in compar i son  with the m a t e r i a l  of the r e -  
ma in ing  par t  of the annulus .  These sect ions  a re  s u r -  
rounded by a thin l aye r  of t he rma l ly  insu la t ing  m a t e r i -  
al.  In the par t  of the annulus  where  a - r -< b, there  is 
heat genera t ion  with a volume densi ty  Q1; in the r e m a i n -  
ing pa r t  of the annulus ,  included between the shaded 
rec tang les ,  the dens i ty  of heat genera t ion  is Q2. We 
shal l  denote by q the total  amount  of heat l ibera ted  in a 
s ingle  shaded rec tangle  in uni t  t ime.  The heat flux 
through the boundary r : c is  equal to zero,  and the 
t e m p e r a t u r e  of the annulus  is zero on the inner  bound-  
a ry  at r = a, i . e . ,  

OT I = O, (1) 
0r [,=c 

TI~=~ =: 0. (2) 

Because  the t he rma l  conductivi ty of the m a t e r i a l  of 
the shaded sec t ions  is  cons ide rab ly  g rea t e r  than that 
of the r e m a i n i n g  par t  of  the annulus,  while the s ize  of 
these  sec t ions  is not large ,  we may cons ide r  the 
t e m p e r a t u r e  at all  points of these  sec t ions  to be the 
same .  We denote it by T 0. 

Thus, the p rob lem reduces  to solut ion of the 
Po isson  equation for  the region  shown in Fig.  2, under  
the following boundary condit ions:  

07" ! OT 
0~ I~:=~ =0, T , = ~ = ~  rl,=a=0; (3) 

~ ( I  2 

OT ,=b = k 
kl ~ --~ (To--T)/,=0, ~ , ~ a ~ a ~ ;  (4) 

k~ r__~_OT ,=a ,=-sk  (T0__ T) ]~=e,, b .~r .<c . .  (5) 

The unknown t e m p e r a t u r e  T O appears  in the bound-  
a ry  condi t ions  (4) and (5). Its de te rmina t ion  can be a 
m a t t e r  of ve ry  grea t  in te res t ,  s ince it is evident  that 
it  will  exceed the t e m p e r a t u r e  at any point of the 
annulus .  To de t e r mi ne  T O we proceed as follows. We 
a s s u m e  that an express ion  for  the t e m p e r a t u r e  at  any 
point  of the region shown in Fig.  2 has been cons t ruc ted .  
T O will  appear  in this express ion  as a p a r a m e t e r .  The 
express ion  cons t ruc ted  pe rmi t s  us to ca lcula te  the 
heat flux through the boundary r =a ,  but it  is d e t e r -  
mined by the quant i t ies  Q1, Qz, q- This makes it  pos-  
s ib le  to find T O . 

We shal l  ca lcula te  the t e m p e r a t u r e  field in regions  

I and II (see Fig. 2). Following the method of Gr in -  
b e r g  [1], we note,  that the e igen[unct ions  in ~ for r e -  
gions I and I I d o  not coincide:  

~1~1. (q) ::  cos Z,] q. ~.~, = n a ~._,; (6) 

(I).,, (if) = cos L, % (7) 
where  

~,, = y,,r tgy,,- hl~(t, ~,,,: h =I~1,'~6. (8) 

Sfl 

Fig. 2. Region for  which 
the boundary problem is 

solved.  

Therefore ,  to join the solut ions we use  the following 

- -  i we may cons ide r  means .  Since 7"~zl* and ~}7", 
I . . . .  _ (~F  ir  d ,  

I 

the (o to be a r b i t r a r y ,  and expand them accord ing  to 



JOURNAL OF ENGINEERING PHYSICS 291 

a complete  sys t em of eigenfunctions (7) and (6), r e -  
spect ively:  

Tn I,=b -" 4- ,~ Vm G~ ) cos ~'mq~: (9) 
az ~ 2y,~ + sin 2ym 

Ill= 1 

co 

r=b= m=l Gm C ~'mq~. ( lO)  

Here  the fac to r s  4Ym/~l(2Ym + sin 2Tin ) have been 
f r o m  the a r b i t r a r y  coefficients  G(2m ), fo r  separa ted  

convenience.  
Express ing  the constants  of in tegrat ion of the P o i s -  

son equation for  regions  II and I in t e r m s  of the con-  
stants  of the expansions (9) and (10), we have 

TII (r, T) = 

=44 2 Y~ cos% ~-~-I bhT---~~ c o s y . +  
(ll n=l 2Yn + sin2% at(  ~ 

Q osinvn r~ 2Q~c~sinyn ( r ) X n +  
+ kX.(X~--4) qt_ k~'~(4--~'2~) 

+ [G~ ~'~- Q~besinyn b h T ~ 1 7 6  t- 
[ 
2Q~c ~ (b/c)X~ sin y,(] (c/r)X~ 4- (r/c)",~ 

k~, (;~ - -4)  j ~ ] ;  (11) 

Q~ (a ~ __ rz ) + b In (r/a) 
Tz (r, ~p) = - - - ~ -  1 4- bh In (b/a) SO + 

+ 2 Z S n -  (r/a)X'~-- (a/r)z~ cos Z~ ~. (12) 
.=, (h+ ~n/b)(b/a)X'~ - -  (h--L'n/b)(a/b)X2 

where  

Oab , Q~h(b ~ - a  ~) ,-k 
So= - ~ - ~  4k 

c~ 

Into 

4 ' ~ !  sin %, G(2). 
4 - -  h - -  ,,~, ( 1 3 )  
�9 fl2 ~ 1  2%, -I- s in  2ym 

Sn = ~ Gt(}~ ) [ s i n  (m-- n) n ~i / 2  (m--n)r~ 4- 
L ao_. [ 

m=9 

4 - s i n ( m + n ) ~  %a--ll / 2 (m -k n) r~] + 

2hTn n : (a l+~ . , . )  sin na(a._--aj)  ~_ + cos 
n ~ % %. 

2h 2 + _ _  d,~) v~ x 
a. 2y,,, q- sin 2ym 

" tn~l 

[( ) / ( .  ) x sin n ~ - - - - y . ,  n ~ - - - - y , , ,  + 
�9 2 (to , 

( )/( " )l +s in  nx a~ -i-Ym n~ - - + y , , ,  . (14) 
U. 2 (I.~ 

The joining condition for  TI(r ,  q)) and Tii(r ,  ~0) 
make it possible  to express  S o and S n only in t e r m s  
of the se t  of coeff icients  G{2m ), w h e r e  m = 1, 2 . . . . .  

and to make up an infinite sy s t em of l inear  Mgebraic  
equations for  G(2m): 

1 + bh In (b/a) 
S O • 

% b In (b/a) 

2yt + sin 2yL 4k 

4 (h+k',,/b)(b/a)X',, - -  (h-- ~.'jb)(a/b)X;, 
S,~-- • 

%% (b/a)Xh - -  (a/b) xh 

Z G~2) ~l I sj[l (n T[;/I~2 - ~//~I) 1~2 
2yt + sin 2yl 2 (n ~/% - -  yj%) + 

/=l 

where  

+ sin(n~/a~ + Y J a O %  ] ; (16) 
2 (n ~I% + Yzlal) I 

GI~ ) = Pn 4- Z D~mG~)' (17) 
m=l 

n = 1 , 2 ,  . . . ;  

p~, = bhT o cos "~ k 
k2 

n 

-t o2b~ sin V~ (X~ - -  2) (b/c)X~ - -  (;~ + 2) (c/b)X~ + 
k k~ 0 ̀2 --4) (b/c)X, _ (c/b)X, 

4Qzc 2 sin In 1 
+ k 2 2__4) k (;~ (b/c)~.__ (c/b) x. 

Q..b e sin y~ (b/c)Xn -I- (c/b) x~ 
2k ~.~ (b/c)~ - -  (c/b)'. 

sin % (b/c)~. + (c/b)X~ 
O'4k (a2 - -  b2) ),]]n(-~a) (b/c)a. _ (c/b)X~ 

4 sin y~ sin ~m a2/a I (b/c) xn + (c/b) x~ 
D~,~ -- ).~,a2 In (b/a) 2y~ + sin 2ym (b/c)X. - -  (c/b)X~ 

+ 

8 ( b / c ) X n + ( c / b ) ~ ' . 2 [ s i n ( y J a , - - l ~ / a . ) a l  
ala.v, ~ (b/c)X~ - -  (c/b)~ 2 (Y~/al - -  1 ~/%) 

" l=l 

q sin(y'/al+l'~/a2)ch ] [  sin(l~/%--Ym/aOa2 - I- 
2 (%./% + I ~,/a.) 2 (l ~1% - -  Yml%) 

sin (l =/a.. + u ] x 
+ 2(l~/% +Vm/'a,) ] 

(18) 

+ 

(b/a) x~ 4- (a,,b) x/ ktYm 
• . (19) 

(b/a)~[ - -  (a/b) xl 2y,,, + sin 2Ym 

It may  be seen f r o m  (18) and f r o m  (19) that with 
i nc rea se  of n, and therefore ,  of X n also, the moduli 
of the quantities Pn and Dnm d e c r e a s e  quite rapidly .  
Therefore ,  in the s y s t e m  (17), we may r e s t r i c t  o u r -  
se lves  to a smal l  value of n. 

By finding a finite number  of coeff icients  G(~ ) , and 
subst i tut ing them into fo rmulas  (11), (15) and (16), we 
obtain the t e m p e r a t u r e  dis t r ibut ion in regions  I and II. 

By specifying the heat  flux at r = a, we can find the 
t empe ra tu r e  in the shaded region.  

The method desc r ibed  may be applied conveniently 
fo r  calculat ion of the t empe ra tu r e  in the conductors  of 
an e lec t r i c  motor  ro tor .  We shall  obtain the dependence 
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of the t e m p e r a t u r e  on the th ickness  of the t h e r m a l  in -  
sulat ion of the conductors .  

To ca lcu la te  the t e m p e r a t u r e  f ield in the r o t o r  we 
ase  the fol lowing data: a = 12 cm;  ~2 = 0.0872; Q2 = 
= 0.0221 W/cma; b = 24.5 cm;  a 1 = 0.0548; Q1 = 
= 0.0331 W/cma; c = 29 om;  k = 0,221 W/cm~; h = 
= 0.007/5 cm,  where  6 is the t h e r m a l  insulat ion 
th ickness .  

The heat  f lux through the boundary r = a is equal  to 

2.52 W/cm. Then it fol lows f r o m  fo rmu la s  (18) and 
(19), that  P2 and D i m  compose  ~ 0.3% of Pl  and Dim 
(m = 1 .2 ) .  The re fo r e ,  r e s t r i c t i n g  o u r s e l v e s  to this 
kind of accuracy ,  we take n = 1. 

We find the cons tant  of the expansion fo r  

6121 = PI/(1 - -  D1,), (20) 

P1 = A l T o  + BI,  (21) 

where A i ]31 and D n are determined from Eqs. (18) 

and (19) with n = 1 and m -- 1. 

Making use of our knowledge of the total heat flux 

through the boundary r = a, we obtain 

T o =  4e q ln - -  + Qa . . . .  - -  X 
a 4 a 2 a 

2 y l + s i n 2 y ,  l - - D u  B, 
• . . . .  (22) 

sin y, u.: A1 A, 
Ct t 

By examin ing  d i f fe ren t  t h i cknesses  of t h e r m a l  i n su -  
lation, we find the dependence of T O on 6: 

~, c m  0.1 0.2 0.3 0.4 0.6 

71 0.297 0.210 0,174 0,149 0 . I23  

T o, ~ 116 132 141 156 165 

NOTATION 

T o is the t e m p e r a t u r e  of shaded reg ion ;  a, b, c) 
a r e  the d imens ions  shown in Fig.  1; a l ,  a2 a r e  the 
angles  shown in Fig. 2; T I is the t e m p e r a t u r e  in r e -  
gion I; TII is the t e m p e r a t u r e  in reg ion  II; k I is the 
t h e r m a l  conduct ivi ty  in r eg ions  I and II; k is the t h e r -  
mal  conduct ivi ty  of insula t ion;  Q1 is the vo lume heat  

r e l e a s e  in r eg ion  I; Q2 is the vo lume  heat  r e l e a s e  in 

r eg ion  II; ~ is the th ickness  of t h e r m a l  insulat ion.  
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